Abstract. Using the L 2 norm of the Higgs field as a Morse function, we study the moduli spaces of U(p, q)-Higgs bundles over a Riemann surface. We require that the genus of the surface be at least two, but place no constraints on (p, q). A key step is the identification of the function's local minima as moduli spaces of holomorphic triples. In a companion paper [7] we prove that these moduli spaces of triples are non-empty and irreducible.
Because of the relation between flat bundles and fundamental group representations, we can interpret our conclusions as results about the number of connected components in the moduli space of semisimple PU(p, q)-representations. The topological invariants of the flat bundles are used to label subspaces. These invariants are bounded by a Milnor-Wood type inequality. For each allowed value of the invariants satisfying a certain coprimality condition, we prove that the corresponding subspace is non-empty and connected. If the coprimality condition does not hold, our results apply to the closure of the moduli space of irreducible representations.
Introduction
The relation between Higgs bundles and fundamental group representations provides a vivid illustration of the interaction between geometry and topology. On the topological side we have a closed oriented surface X and the moduli space (or character variety) of representations of π 1 X in a Lie group G. We cross over to complex geometry by fixing a complex structure on X, thereby turning it into a Riemann surface. The space of representations, or equivalently the space of flat G-bundles, then emerges as a complex analytic moduli space of G-Higgs bundles. In this guise, the moduli space carries a natural proper function whose restriction to the smooth locus is a Morse-Bott function. We can therefore use this function to determine topological properties of the moduli space of representations. Our goal in this paper is to pursue these ideas in the case where the group G is the real Lie group PU(p, q), the adjoint form of the non-compact group U(p, q).
The relevant Higgs bundles in our situation are U(p, q)-Higgs bundles. These can be seen as a special case of the G-Higgs bundles defined by Hitchin in [22] , where G is a real form of a complex reductive Lie group. Such objects provide a natural generalization of holomorphic vector bundles, which correspond to the case G = U(n) and zero Higgs field. In particular, they permit an extension to other groups of the Narasimhan and Seshadri theorem ( [26] ) on the relation between unitary representations of π 1 X and stable vector bundles. By embedding U(p, q) in GL(p + q) we can give a concrete description of a U(p, q)-Higgs bundle as a pair where V and W are holomorphic vector bundles of rank p and q respectively, β is a section in H 0 (Hom(W, V )⊗K), and γ ∈ H 0 (Hom(V, W )⊗K), so that Φ ∈ H 0 (End(V ⊕ W ) ⊗ K).
By the work of Hitchin [22, 23] Donaldson [12] , Simpson [29, 30, 31, 32] and Corlette [10] , we can define moduli spaces of polystable Higgs bundles, and these can be identified with moduli spaces of solutions to natural gauge theoretic equations. Moreover, since the gauge theory equations amount to a projective flatness condition, these moduli spaces correspond to moduli spaces of flat structures. In the case of U(p, q)-Higgs bundles, the flat structures correspond to semi-simple representations of π 1 X into the group PU(p, q). The Higgs bundle moduli spaces can thus be used, in a way which we make precise in Sections 2 and 3, to study the representation variety R(PU(p, q)) = Hom + (π 1 X, PU(p, q))/PU(p, q) ,
where Hom + (π 1 X, PU(p, q)) denotes the set of semi-simple representations of π 1 X in PU(p, q), and the quotient is by the adjoint action.
Our main tool for studying the topology of the Higgs moduli space is the function which measures the L 2 -norm of the Higgs field. When the moduli space is smooth, this turns out to provide a suitably non-degenerate Bott-Morse function which is, moreover, a proper map. In some cases (cf. [22, 18, 20] ) the critical submanifolds are well enough understood to allow the extraction of topological information as detailed as the Poincaré polynomial. In our case our understanding is confined to the local minima of the function. This is sufficient to allow us to count the number of components of the Higgs moduli spaces, and thus of the representation varieties. A trivial but important observation is that the properness of the function allows us to draw conclusions about connected components also in the non-smooth case; we shall henceforth, somewhat imprecisely, refer to the function as the "Morse Function", whether or not the moduli space is smooth.
The criterion we use for finding the local minima can be applied more generally, for instance if U(p, q) is replaced by any real form of a complex reductive group. This should provide an important tool for future research. In the present case, this criterion allows us to identify the subspaces of local minima as moduli spaces in their own right, namely as moduli spaces of the holomorphic triples introduced in [4] . In a companion paper [7] we develop the theory of such objects and their moduli spaces. Using the results of [7] we are able to deduce several results about the Higgs moduli spaces and also about the corresponding representation spaces.
The relation between Higgs bundles and surface group representations has been successfully exploited by others, going back originally to the work of Hitchin and Simpson on complex reductive groups. The use of Higgs bundle methods to study R(G) for real G was pioneered by Hitchin in [23] , and further developed in [18, 19] . It has also been used by Xia and Xia-Markman (in [34, 35, 36, 24] ) to study various special cases of G = PU(p, q). None of these, though, address the general case of PU(p, q), as we do in this paper.
We now give a brief summary of the contents and main results of this paper.
In Sections 2 and 3 we give some background and describe the basic objects of our study. In Section 2 we describe the natural invariants associated with representations of π 1 X into PU(p, q). We also discuss the invariants associated with representations of Γ, the universal central extensions of π 1 , into U(p, q). The space of such representations is denoted by R Γ (U(p, q)). In both cases, these involve a pair of integers (a, b) which can be interpreted respectively as degrees of rank p and rank q vector bundles over X. In the case of the PU(p, q) representations, the pair is well defined only as a class in a quotient Z ⊕ Z/(p, q)Z. This leads us to define subspaces R[a, b] ⊂ R(PU(p, q)) and R Γ (a, b) ⊂ R Γ (U(p, q)). For fixed (a, b), the space R Γ (a, b) fibers over R[a, b] with connected fibers.
In section 3 we define U(p, q)-Higgs bundles and their moduli spaces and establish their essential properties. Thinking of a U(p, q)-Higgs bundle as a pair (V ⊕ W, Φ), the parameters (a, b) appear here as the degrees of the bundles V and W . The moduli space of polystable U(p, q)-Higgs bundles with deg(V ) = a and deg W = b, which we denote by M(a, b), is the space that can be identified with the component R Γ (a, b) of R Γ (U(p, q)). This, together with the fibration over R Γ (U(p, q)) are the crucial links between the Higgs moduli and the surface group representation varieties.
Fixing p, q, a and b, we begin the Morse theoretic analysis of M(a, b) in Section 4. The basic results we need (cf. Proposition 4.3) are that the L 2 -norm of the Higgs field has a minimum on each connected component of M(a, b), and hence if the subspace of local minima is connected then so is M(a, b). We identify the local minima, the loci of which we denote by N (a, b), and prove (cf. Theorem 4.6 and Proposition 4.8) that these correspond precisely to holomorphic triples in the sense of [4] . A full treatment of holomorphic triples and their moduli spaces is given in [7] . We summarize the salient features of these moduli spaces in Section 5.
In section 6 we knit together all the strands. Using the properties of the moduli spaces of triples, we establish the key (for our purposes) topological properties of the strata N (a, b). These lead directly to our main results for the moduli spaces M(a, b). Some of the results depend on (a, b) only in the combination
known as the Toledo invariant. Indeed, (a, b) is constrained by the bounds 0 |τ | τ M , where τ M = 2 min{p, q}(g − 1). Originally proved by Domic and Toledo in [11] , these bounds emerge naturally from our point of view (cf. Corollary 3.27 and Remark 5.7). Bounds on invariants of this type, for representations of finitely generated groups in U(p, q), have also recently been studied using techniques from ergodic theory (see [9] ). Summarizing our main results, we prove
Theorem A (Theorems 6.1 and 6.5). Fix positive integers (p, q).
Theorem B (Theorem 3.32). Suppose that p = q and (a, b) ∈ Z ⊕ Z are such that |τ (a, b)| = τ M . To be specific, suppose that p < q and τ (a, b) = p(2g − 2). Then every element in M(a, b) decomposes as the direct sum of a polystable U(p, p)-Higgs bundle with maximal Toledo invariant and a polystable vector bundle of rank q − p. Thus
In particular, the smooth locus in M(p, q, a, b) has dimension 2+(q 2 +5p 2 −2pq)(g −1). This is strictly smaller than the expected dimension if g 2.
(A similar result holds if p > q, as well as if τ = −p(2g − 2)).
Since we identify M(a, b) = R Γ (a, b), we can translate these results directly into statements about R Γ (a, b) (given in Theorems 6.6 and 6.7). The subspace in R Γ (a, b)
The above results fall just short of saying that the full moduli spaces M(a, b) (= R(a, b)) and R[a, b] are connected for all allowed choices of (a, b). They show however that if any one is not connected then it has one (non-empty) connected component which contains all the irreducible objects. Any other components must thus consist entirely of reducible (or strictly semisimple) elements. Theorem B and its analogs for R Γ (a, b) and R[a, b] generalize rigidity results of Toledo [33] (when p = 1) and Hernández [21] (when p = 2). This paper, together with its companion [7] form a substantially revised version of the preprint [6] . The main results proved in this paper were announced in the note [5] . In that note we claim (without proof) that the connectedness results for the moduli spaces R(a, b) and R[a, b] hold without the above qualifications. This is a reasonable conjecture, which we hope to come back to in a future publication.
We note, finally, that our methods surely apply more widely than to U(p, q)-Higgs bundles and PU(p, q) representations (see, for example, Remark 4.16). Moreover, careful scrutiny of the Lie algebra properties used in the proofs suggests certain aspects can be generalized to representations in any real group G for which G/H is hermitian symmetric, where H ⊂ G is a maximal compact subgroup. This will be addressed in a future publication.
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Representations of surface groups
In this section we record some general facts about representations of a surface group in U(p, q) or PU(p, q) and set up our notation. A very useful reference for the general theory is Goldman's paper [16] .
2.1. Moduli spaces of representations. Let X be a closed oriented surface of genus g 2. By definition U(p, q) is the subgroup of GL(n, C) (with n = p + q) which leaves invariant a hermitian form of signature (p, q). It is a non-compact real form of GL(n, C) with center U(1) and maximal compact subgroup U(p) × U(q). The quotient U(p, q)/(U(p) × U(q)) is a hermitian symmetric space. The adjoint form PU(p, q) is given by the exact sequence of groups
and we have a standard inclusion PU(p, q) ⊂ PGL(n, C).
Definition 2.1. By a representation of π 1 X in PU(p, q) we mean a homomorphism ρ : π 1 X → PU(p, q). We say that a representation of π 1 X in PU(p, q) is semi-simple if the induced (adjoint) representation on the Lie algebra of PU(p, q) is semi-simple. The group PU(p, q) acts on the set of representations via conjugation. Restricting to the semi-simple representations, we get the moduli space of representations,
The moduli space of representations can be described more concretely as follows. From the standard presentation
We give Hom + (π 1 X, PU(p, q)) the subspace topology and R(PU(p, q)) the quotient topology. This topology is Hausdorff because we have restricted attention to semisimple representations.
Clearly any representation of π 1 X in U(p, q) gives rise to a representation in PU(p, q); however, not all representations in PU(p, q) lift to U(p, q). We are thus motivated to consider representations of the central extension
Such extensions are defined (as in [1] ) by the generators A 1 , B 1 , . . . , A g , B g and a central element J subject to the relation
With Γ thus defined, any representation of π 1 X in PU(p, q) can be lifted to a representation of Γ in U(p, q).
In analogy with Definition 2.1 we make the following definition.
Definition 2.2. We define the moduli space of semi-simple representations of Γ in
where semi-simplicity is defined with respect to the induced adjoint representation. This space is topologized in the same way as R(PU(p, q)).
2.2.
Invariants. Our basic objective is to study the number of connected components of the spaces R(PU(p, q)) and R Γ (U(p, q)). The first step in the study of topological properties of these spaces is to identify the appropriate topological invariant of a representation ρ : π 1 X → G. For a general connected Lie group G the relevant invariant is an obstruction class in [16, 17] ). In the following we give an explicit description of this invariant in our case, using characteristic classes of the flat bundles associated to representations of the fundamental group. In fact we shall not need the more general description of the invariant.
We begin by considering the case G = U(p, q). By the same argument as in [1] 1 , R Γ (U(p, q)) can be identified with the moduli space of connections with central curvature on a fixed U(p, q)-bundle on X. Taking a reduction to the maximal compact U(p) × U(q), we thus associate to each classρ ∈ R Γ (U(p, q)) a vector bundle of the form V ⊕ W , where V and W are rank p and q respectively, and thus a pair of integers (a, b) = (deg(V ), deg(W )). There is thus a map
given byc(ρ) = (a, b). The corresponding map on Hom + (Γ, U(p, q)) is clearly continuous and thus locally constant. Since U(p, q) is connected, the mapc is likewise continuous and thus constant on connected components. We make the following definition.
Definition 2.3. The subspace of R Γ (U(p, q)) corresponding to representations with invariants (a, b) is denoted by
Note that R Γ (a, b) is a union of connected components, becausec is constant on each connected component.
Next we consider the case G = PU(p, q). Any flat PU(p, q)-bundle lifts to a U(p, q)-bundle with a connection with constant central curvature. This lift is, however, not uniquely determined: in fact two such U(p, q)-bundles give rise to the same flat PU(p, q)-bundle if and only if one can be obtained from the other by twisting with a line bundle L with a unitary connection of constant curvature. If the invariant of the U(p, q)-bundle is (a, b) and the degree of L is l, then the invariant associated to the twisted bundle is (a + pl, b + ql). There is thus a well defined map
where (Z⊕Z)/(p, q)Z denotes the quotient of Z⊕Z by the Z-action l·(a, b) = (a+pl, b+ ql). Notice that (Z ⊕ Z)/(p, q)Z can be identified with π 1 (PU(p, q)). The invariant defined by c is the same as the obstruction class defined by Goldman [16, 17] .
The space R[a, b] is a union of connected components in the same way as R Γ (a, b). In order to compare the spaces R Γ (a, b) and R[a, b] notice that we have surjective maps
Moreover, the preimage
where the union is over all (a, b) in the class [a, b] ∈ (Z ⊕ Z)/(p, q)Z. As mentioned above, tensoring by line bundles of degree l with constant curvature connections gives an isomorphism
Notice that if c(ρ) = [a, −a] for a representation ρ ∈ R(PU(p, q)), then the associated U(p, q)-bundle can be taken to have degree zero and the projectively flat connection is actually flat. Then ρ defines a representation of π 1 X in U(p, q). Under the correspondence between R(PU(p, q)) and R Γ (U(p, q)), ρ corresponds to a Γ representation in which the central element J acts trivially. Furthermore, the subspaces R Γ (a, −a) ⊂ R Γ (U(p, q)) can be identified with components of R(U(p, q)) (the moduli space for representations of π 1 X in U(p, q)). Indeed, defining
we see that R(U(p, q)) is a union over a ∈ Z of the subspaces R(a). Finally, we observe that the moduli space of flat degree zero line bundles acts by tensor product of bundles on R Γ (a, b). Since this moduli space is isomorphic to the torus U (1) 2g , we get the following relation between connected components.
Higgs bundles and flat connections
We study the moduli spaces of representations by choosing a complex structure on X. This allows us to identify these spaces with certain moduli spaces of Higgs bundles. In this section we explain this correspondence and recall some general facts about Higgs bundles. Following this, we describe the special class of Higgs bundles relevant for the study of representations in PU(p, q) and U(p, q) and derive some basic results about these moduli spaces.
3.1. GL(n, C)-Higgs bundles. Give X the structure of a Riemann surface. We recall (from [10, 12, 22, 29, 31, 32] ) the following definition and basic facts about GL(n, C)-Higgs bundles.
Definition 3.1. (1) A GL(n, C)-Higgs bundle on X is a pair (E, Φ), where E is a rank n holomorphic vector bundle over X and Φ ∈ H 0 (End(E) ⊗ K) is a holomorphic endomorphism of E twisted by the canonical bundle K of X.
(2) The GL(n, C)-Higgs bundle (E, Φ) is stable if the slope stability condition
holds for all proper Φ-invariant subbundles E ′ of E. Here the slope is defined by µ(E) = deg(E)/ rk(E) and Φ-invariance means that Φ(E ′ ) ⊂ E ′ ⊗ K. Semistability is defined by replacing the above strict inequality with a weak inequality. A Higgs bundle is called polystable if it is the direct sum of stable Higgs bundles with the same slope.
(3) Given a hermitian metric on E, let A denote the unique unitary connection compatible with the holomorphic structure, and let F A be its curvature. Hitchin's equations on (E, Φ) are
where µ is a constant, Id E is the identity on E,∂ A is the anti-holomorphic part of the covariant derivative d A and ω is the Kähler form on X. If we normalize ω so that X ω = 2π then, taking the trace and integrating over X in the first equation, one sees that µ = µ(E). A solution to Hitchin's equations is irreducible if there is no proper subbundle of E preserved by A and Φ. 
where θ = Φ + Φ * , then Hitchin's equations are equivalent to the conditions 
U(p, q)-Higgs bundles.
If we fix integers p and q such that n = p + q, then we can isolate a special class of GL(n, C)-Higgs bundles by the requirements that
where V and W are holomorphic vector bundles of rank p and q respectively and the non-zero components in the Higgs field are
The form of the Higgs field is determined by the Lie theory of the symmetric space U(p, q)/(U(p) × U(q)). Recall that for any real form G of a complex reductive group G C , with maximal compact subgroup H, there is an Ad-invariant decomposition g = h + m where g=Lie(G), h=Lie(H) is the +1 eigenspace of the Cartan involution and m is the −1 eigenspace. This induces a decomposition
In the case of G = U(p, q), where H = U(p) × U(q) and thus h C = gl(p, C) ⊕ gl(q, C), the decomposition (3.6) becomes
If we identify gl(p, C) ⊕ gl(q, C) with the block diagonal elements in gl(n, C), then m C corresponds to the off diagonal matrices.
We can now describe the above Higgs bundles more intrinsically as follows. Let P GL(p,C) and P GL(q,C) be the principal frame bundles for V and W respectively. Let P = P GL(p,C) × P GL(q,C) be the fiber product, and let Ad P = P × Ad gl(n, C) be the adjoint bundle, where GL(p, C) × GL(q, C) ⊂ GL(n, C) acts by the adjoint action on the Lie algebra of GL(n, C). This defines a subbundle
We can then make the following definition.
Definition 3.3. A U(p, q)-Higgs bundle
2 on X is a pair (P, Φ) where P is a holomorphic principal GL(p, C) × GL(q, C) bundle, and Φ is a holomorphic section of the vector bundle P m C ⊗ K (where P m C is the bundle defined in (3.8)).
Remark 3.4. We can always write P = P GL(p,C) × P GL(q,C) . If we let V and W be the standard vector bundles associated to P GL(p,C) and P GL(q,C) respectively, then any Φ ∈ H 0 (P m C ⊗ K) can be written as in (3.5). We will usually adopt the vector bundle description of U(p, q)-Higgs bundles.
Remark 3.5. Definition 3.3 is compatible with the definitions in [23] and [18] , where G-Higgs bundles are defined for any real form G of a complex reductive Lie group G C . There, using the above notation, a G-Higgs bundle is a pair (P, Φ), where P is a principal H C -bundle and Φ is a holomorphic section of (P × Ad m C ) ⊗ K. From a different perspective, Definition 3.3 defines an example of a principal pair in the sense of [2] and [25] . Strictly speaking, since the canonical bundle K plays the role of a fixed 'twisting bundle', what we get is a principal pair in the sense of [8] . The defining data for the pair are then the principal GL(p, C) × GL(q, C) × GL(1)-bundle P GL(p,C) × P GL(q,C) × P K (where P K is the frame bundle for K), and the associated vector bundle P m C ⊗ K. 
is the eigenspace decomposition of the Cartan involution.
Definition 3.7. Let (E, Φ) be a U(p, q)-Higgs bundle with E = V ⊕ W and Φ = 0 β γ 0 . We say (E, Φ) is a stable U(p, q)-Higgs bundle if the slope stability condition µ(E ′ ) < µ(E), is satisfied for all Φ-invariant subbundles of the form
Semistability for U(p, q)-Higgs bundles is defined by replacing the above strict inequality with a weak inequality, and (E, Φ) is polystable if it is a direct sum of stable U(p, q)-Higgs bundles all of the same slope. We shall say that a polystable U(p, q)-Higgs bundle which is not stable is reducible.
where I K is the identity on K. In particular we have a natural notion of isomorphism of U(p, q)-Higgs bundles.
Remark 3.8. The stability condition for a U(p, q)-Higgs bundle is a priori weaker than the stability condition given in Definition 3.1 for GL(n, C)-Higgs bundles. However, it is shown in [19, Section 2.3] that the weaker condition is in fact equivalent to the ordinary stability of (E, Φ). Proof. This is a special case of the correspondence invoked in [23] for G-Higgs bundles where G is a real form of a reductive Lie group. By Remark 3.5 it can also be seen as a special case of the Hitchin-Kobayashi correspondence for principal pairs (cf. [2] and [25] and [8] ). We note finally that in one direction the result follows immediately from Theorem 3.2 (1): if (V ⊕W, Φ) supports a compatible metric such that (3.2) is satisfied, then it is polystable as a GL(n, C)-Higgs bundle, and hence it is U(p, q)-polystable. The construction of M(a, b) is essentially the same as in section §9 of [32] . There the moduli space of G-Higgs bundles is constructed for any reductive group G. We take G = GL(p, C) × GL(q, C). The difference between a U(p, q)-Higgs bundle and a GL(p, C) × GL(q, C)-Higgs bundle is entirely in the nature of the Higgs fields. Taking the standard embedding of GL(p, C) × GL(q, C) in GL(p + q, C) we see that in a GL(p, C) × GL(q, C)-Higgs bundle the Higgs field Φ takes its values in the subspace .7)). Since both subspaces are invariant under the adjoint action of GL(p, C) × GL(q, C), the same method of construction works for the moduli spaces of both types of Higgs bundle.
We can describe the gauge theory version of the moduli space M(a, b) using standard methods; see Hitchin [22] for a construction in the case of ordinary rank 2 Higgs bundles. To adapt to our case we proceed as follows. Let E = V ⊕ W be a smooth complex vector bundle with a hermitian metric such that the direct sum decomposition is orthogonal. We let A denote the space of connections on E which are direct sums of unitary connections on V and W and we let Ω denote the space of Higgs fields Φ ∈ Ω 1,0 (End(E)) of the form Φ = 0 β γ 0 . The correspondence between unitary connections and holomorphic structures via∂-operators turns A × Ω into a complex affine space which acquires a hermitian metric using the metric on E and integration over X. The group G of U(p) × U(q)-gauge transformations acts on the configuration space C ⊆ A × Ω of solutions (A, Φ) to Hitchin's equations (3.2). The quotient C/G is, by definition, the gauge theory moduli space. As in [22] , the open subset of C/G corresponding to irreducible solutions has a Kähler manifold structure To see that the gauge theory moduli space is homeomorphic to M(a, b) we can consider this latter space from the complex analytic point of view (cf. Remark 3.23 below): consider triples (∂ V ,∂ W , Φ), where∂ V and∂ W are∂-operators on V and W , respectively, and Φ ∈ Ω. Let C C be the set of such triples for which Φ is holomorphic and the associated U(p, q)-Higgs bundle is polystable. We can then view M(a, b) as the quotient of C C by the complex gauge group. We clearly have an inclusion C ֒→ C C which descends to give a continuous map from the gauge theory moduli space to M(a, b). The Hitchin-Kobayashi correspondence of Proposition 3.9 now shows that this map is in fact a homeomorphism.
For a third perspective, we observe that provided that V and W are not isomorphic bundles, i.e. provided p = q or a = b, we can view M s (a, b) as a subvariety of a moduli space of stable
is a finite cover of a subvariety in the larger moduli space:
where [, ] n denotes the isomorphism class in M(d). The only question is whether this map is injective. Suppose that (E = V ⊕ W, Φ) and (
are isomorphic as GL(n, C)-Higgs bundles. Let the isomorphism be given by a complex gauge transformation g : E → E ′ . If g is not of the form (
Let N = ker(ξ) ⊕ ker(σ) be the subbundle of V ⊕ W determined by the kernels of ξ and σ. If p = q then N is a non-trivial proper subbundle. Moreover, using the fact that gΦ = Φ ′ g, we see that it is Φ-invariant. Since (V ⊕ W, Φ) is stable, it follows that
Similarly, the images of ξ and σ determine a proper Φ ′ -invariant subbundle of E ′ , say I, for which
But if µ(E) = µ(E ′ ) then (3.11) and (3.12) cannot both be satisfied. Thus ξ and σ must both vanish and hence 
Proof. If GCD(p + q, a + b) = 1 then for purely numerical reasons there are no strictly semistable U(p, q)-Higgs bundles in M(a, b).
The link to moduli spaces of representations is provided by the next result.
Proof. Suppose that (E = V ⊕ W, Φ) represents a point in M(a, b), i.e. suppose that it is a U(p, q)-polystable Higgs bundle, and suppose that E has a hermitian metric such that the direct sum decomposition is orthogonal and Hitchin's equations (3.2) are satisfied. Rewriting the equations in terms of the Higgs connection D = d A +θ, where A is the metric connection and θ = Φ + Φ * , we see that D is projectively flat. By Lemma 3.6 it is a projectively flat U(p, q)-connection, and thus defines a point in R Γ (a, b). Conversely by Corlette's theorem [10] , every representation in Hom + (π 1 X, PU(p, q)), or equivalently every representation in Hom + (Γ, U(p, q)), arises in this way. The fact that this correspondence gives a homeomorphism follows by the same argument as the one given in [32] for ordinary Higgs bundles. , b) parameterizes the representations which give rise to stable U(p, q)-Higgs bundles. Recall from Remark 3.8 that a U(p, q)-Higgs bundle is stable (in the sense of Definition 3.7) if and only if its is stable as an ordinary GL(n, C)-Higgs bundle. Now, a GL(n, C)-Higgs bundle is stable if and only if the corresponding representation of Γ on C n is irreducible (cf. Corlette [10] ). Hence we see that the subspace R * Γ (a, b) corresponds to the representations of Γ in U(p, q) which are irreducible as GL(n, C) representations. Similarly, the subspace R * [a, b] corresponds to the representations of π 1 X which are irreducible as PGL(n, C) representations.
We point out, moreover, that the subspace R * Γ (a, b) includes as a dense open set the representations whose induced adjoint representations on the Lie algebra of PU(p, q) are irreducible. It may also contain some representations whose induced adjoint representation is reducible for the following reason. If (E = V ⊕ W, Φ) is the U(p, q)-Higgs bundle corresponding to a representation in R * Γ (a, b), then (End(E), Φ) is a polystable Higgs bundle but it is not necessarily stable. The representations with reducible induced adjoint representation are the ones for which (End(E), Φ) is strictly polystable.
3.3. Deformation theory. The results of Biswas and Ramanan [3] and Hitchin [23] readily adapt to describe the deformation theory of U(p, q)-Higgs bundles.
Definition 3.16. Let (E = V ⊕ W, Φ) be a U(p, q)-Higgs bundle. We introduce the following notation:
With this notation,
, and ad(Φ) interchanges U + and U − . We consider the complex of sheaves
ker ad(Φ) :
Proof. By Remark 3.8 (E, Φ) is stable as a GL(n, C)-Higgs bundle. Hence it is simple, that is, its only endomorphisms are the non-zero scalars. Thus,
Since U = U + ⊕ U − and ad(Φ) interchanges these two summands, the statements of the Lemma follow. Proposition 3.18 (Biswas-Ramanan [3] ).
(1) The space of endomorphisms of (E, Φ) is isomorphic to the zeroth hypercoho-
The space of infinitesimal deformations of (E, Φ) is isomorphic to the first hypercohomology group
There is a long exact sequence
where the maps
Proof. (1) Follows immediately from Lemma 3.17 and Proposition 3.18 (3). (2) We have natural ad-invariant isomorphisms
is Serre dual to ad(Φ) : [3] , as follows. Let e ∈ M(a, b) be the point corresponding to a stable U(p, q)-Higgs bundle (E, Φ) and let F be the infinitesimal deformation functor of (E, Φ) as in [3] . Then the completion of the local ring O e pro-represents F (cf. Schlessinger [28] ). Now Proposition 3.19 and Theorem 3.1 of [3] show that the completion of O e is regular and hence O e is itself regular. Thus M(a, b) is smooth at e.
Using (2) and (3) of Proposition 3.18, Proposition 3.19 and the Riemann-Roch Theorem, the dimension of the moduli space is given by
. Remark 3.23. As an alternative to the algebraic arguments of [3] , the fact that the deformation theory of a U(p, q)-Higgs bundle is controlled by the complex of sheaves (3.13) can be seen from the complex analytic point of view as follows. As in the gauge theory construction of M(a, b) (cf. Section 3.2 let V ⊕ W be a smooth complex vector bundle, and consider a U(p, q)-Higgs bundle as being given by a triple (∂ V ,∂ W , Φ). Now write down a Dolbeault resolution of the complex C • :
Consider the associated total complex C
is the Lie algebra of the GL(p, C) × GL(q, C)-gauge group and C 1 is the tangent space to the affine space of triples (∂ V ,∂ W , Φ). Furthermore, D 0 is the infinitesimal action of the complex gauge group, while D 1 is the derivative of the holomorphicity condition: this gives the desired interpretation of the deformation complex C
• in complex analytic terms. To conclude this line of thought we give an alternative argument for the smoothness of the moduli space of stable U(p, q)-Higgs bundles: suppose that (∂ V ,∂ W , Φ) corresponds to a stable U(p, q)-Higgs bundle (E, Φ). Proposition 3.19 shows that H 0 (C • ) = C and H 2 (C • ) = 0. The differential of the holomorphicity condition is thus surjective and (E, Φ) has no non-trivial automorphisms. It follows by standard arguments that the moduli space can be constructed as a smooth complex manifold near (E, Φ).
3.4. Bounds on the topological invariants. In this section we show how the Higgs bundle point of view provides an easy proof of a result of Domic and Toledo [11] which allows us to bound the topological invariants deg(V ) and deg(W ) for which U(p, q)-Higgs bundles may exist. The lemma is a slight variation on the results of [19, Section 3] (cf. also Lemma 3.6 of Markman and Xia [24] ).
If equality occurs in The bundles N and V ⊕ I are Φ-invariant subbundles of E and hence we obtain by semistability that µ(N) µ(E) and µ(V ⊕ I) µ(E) or, equivalently, that
Adding (3.21) and (3.22) and using (3.19) we obtain
Finally, combining (3.20) and (3.23) we get
which is equivalent to (3.17) since rk(γ) = rk(I). Note that equality can only occur if we have equality in (3.21) and (3.22) and thus either (E, Φ) is strictly semistable or neither of the subbundles N and V ⊕ I is proper and non-zero. In the latter case, clearly N = 0 and I = W and therefore p = q; furthermore we must also have equality in (3.20) implying that γ is an isomorphism. An analogous argument applied to β proves (3.18).
Remark 3.25. The proof also shows that if we have equality in, say, (3.17) then γ : V /N → I ⊗ K is an isomorphism. In particular, if p < q and
We can re-formulate Lemma 3.24 to obtain the following corollary.
Corollary 3.26. Let (E, Φ) be a semistable U(p, q)-Higgs bundle. Then
) is equivalent to (3.17) . Similarly (3.25) is equivalent to (3.18 ).
An important corollary of the lemma above is the following Milnor-Wood type inequality for U(p, q)-Higgs bundles (due to Domic and Toledo [11] , improving on a bound obtained by Dupont [13] in the case G = SU(p, q)). This result gives bounds on the possible values of the topological invariants deg(V ) and deg(W ).
A similar argument using (3.18) shows that
But, obviously, rk(β) and rk(γ) are both less than or equal to min{p, q}. 
where a = deg(V ) and b = deg(W ).
Remark 3.29. Since
the inequalities in Lemma 3.24 and Corollary 3.26 can be written as
Similarly the inequality (3.26) can be written |τ | τ M , where 
Similarly, twisting β : W −→ V ⊗ K with K and composing with γ, we obtain a K 2 -twisted Higgs pair
Conversely, given an isomorphism γ : V −→ W ⊗ K, we can recover β from θ V as well as from θ W . It is clear that the (poly)stability of (E, Φ) is equivalent to the (poly)stability of (V, θ V ) and to the (poly)stability of (W, θ W ), proving the claim. 
where M(q − p, b − a + p(2g − 2)) denotes the moduli space of polystable bundles of degree q − p and rank b − a + p(2g − 2). In particular, the dimension at a smooth point
, and it is hence strictly smaller than the expected dimension.
(A similar result holds if τ = −p(2g − 2) and also if p > q.)
. Since rk(β) and rk(γ) are at most p, it follows from (3.17) and (3.25) that rk(β) = rk(γ) = p. Let W γ = im(γ)⊗K −1 and let W β = ker(β). Then V ⊕ W γ is a Φ-invariant subbundle of V ⊕ W , and µ(V ⊕ W γ ) = µ(0 ⊕ W β ) = µ(E). We see that (E, Φ) is strictly semistable (as we already knew from Lemma 3.24). Since it is polystable it must split as
we see that W/W γ ∈ M(q − p, b − a + p(2g − 2)). To complete the proof we observe that
Since q > 1, this is smaller than 1 + (p + q) 2 (g − 1), the dimension of M(p, q, a, b) when the Toledo invariant is not maximal.
Remark 3.33. The fact the moduli space has smaller dimension than expected may be viewed as a certain kind of rigidity. This phenomenon (for large Toledo invariant) has been studied from the point of view of representations of the fundamental group by D. Toledo [33] when p = 1 and L. Hernández [21] when p = 2. We deal here with the general case which, as far as we know, has not appeared previously in the literature. 
Proof. It follows from Theorem 3.32 and Proposition 3.30.
Morse theory
Morse theoretic techniques for studying the topology of moduli spaces of Higgs bundles were introduced by Hitchin [22, 23] . Though standard Morse theory cannot be applied to M(a, b) when it is not smooth, as we shall see in the following, we can still use Morse theory ideas to count connected components. Throughout this section we assume that p and q are any positive integers and that (a, b) ∈ Z ⊕ Z is such that |τ | τ M , where τ is as in Definition 3.28 and τ M is given by (3.30).
The Morse function.
Consider the moduli space M(a, b) from the gauge theory point of view (cf. Section 3.2). We can then define a real positive function
where the
We have the following result due to Hitchin [22] . M(a, b) is smooth, then f is a perfect Bott-Morse function.
Thus, if the moduli space is smooth, then its number of connected components is bounded by the number of connected components of the subspace of local minima of f . However, even if M(a, b) is not smooth, f can be used to obtain information about the connected components of M(a, b) using the following elementary result. In particular this applies to our situation, giving:
) has a minimum on each connected component of M(a, b). Moreover, if the subspace of local minima of f is connected then so is M(a, b).
with equality if and only if (E, Φ) ∈ N (a, b).
Proof. Writing out the first of Hitchin's equations (3.2) for a U(p, q)-Higgs bundle (E, Φ) in its componenents on V and W we get the pair of equations
where A V and A W are the components on V and W , respectively, of the unitary connection A on E = V ⊕ W . Taking the trace and integrating over X in the first of these equations we get from Chern-Weil theory
where we have used X ω = 2π. Since µ = µ(E), this is equivalent to
from which the result is immediate.
The above Proposition identifies N (a, b) as the set of global minima of f . The following Theorem, which is of fundamental importance to our approach, shows that there are no other local minima. N (a, b) .
Theorem 4.6. Let (E, Φ) be a polystable U(p, q)-Higgs bundle in M(a, b). Then (E, Φ) is a local minimum of f : M(a, b) → R if and only if (E, Φ) belongs to
Proof. This follows directly from Proposition 4.5 above and Propositions 4.17 and 4.20, which are given in Sections 4.4 and 4.5, respectively.
Remark 4.7. This Theorem was already known to hold when p, q 2 (by the results of [19] , Hitchin [22] , and Xia [36] ), and also when p = q and (p−1)(2g−2) < |τ | p(2g−2) by Markman-Xia [24] .
Which section actually vanishes for a minimum is given by the following. 
(2) β = 0 if and only if a/p b/q (i.e. τ 0). In this case,
In particular, β = γ = 0 if and only if a/p = b/q (i.e. τ = 0) and, in this case,
Proof. The relation between the conditions on τ and those on a/p−b/q follows directly from the definition of τ (cf. (3.27)). The rest follows immediately from (4.4) and the fact that f is, by definition, non-negative. Alternatively one can argue algebraically, using Lemma 3.24 and polystability. Proof. If a/p = b/q, then any (E, Φ) ∈ N (a, b) has E = V ⊕W and Φ = 0. Polystability of (E, Φ) is thus equivalent to the polystability of V and W .
Critical points of the Morse function.
In this section we recall Hitchin's method [22, 23] for determining the local minima of f and spell out how this works in the case of U(p, q)-Higgs bundles. Since f is a moment map, a smooth point of the moduli space is a critical point if and only if it is a fixed point of the circle action. To determine the fixed points, note that, if (A, Φ) represents a fixed point then there must be a 1-parameter family of gauge transformations g(θ) taking (A, Φ) to (A, e iθ Φ). This gives an infinitesimal U(p) × U(q)-gauge transformation ψ =ġ which is covariantly constant (i.e. d A ψ = 0) and such that [ψ, Φ] = iΦ. (Note that we can take ψ to be trace-free.) It follows that we can decompose E in holomorphic subbundles F λ on which ψ acts as iλ and furthermore that Φ maps F λ to F λ+1 ⊗ K. We thus have the following result.
Proposition 4.10. A U(p, q)-Higgs bundle (E, Φ) in M(a, b) represents a fixed point of the circle action if and only if it is a system of Hodge bundles, that is,
for holomorphic vector bundles F i such that the restriction When (E, Φ) is stable the decomposition E = F 1 ⊕ · · · ⊕ F m gives a corresponding decomposition of the bundle U = End(E) into eigenbundles for the adjoint action of ψ: 
where we use the notation
with U + and U − as defined in Definition 3.
In particular (E, Φ) corresponds to a local minimum of f if and only if
Remark 4.12. When (E, Φ) is a stable U(p, q)-Higgs bundle, we know from Proposition 4.10 that the F i are alternately contained in V and W . Thus we have
In particular all the eigenvalues of the Hessian of f are even.
Remark 4.13. The description in Proposition 4.11 of the eigenspace of the Hessian of f gives rise to the long exact sequence
Suppose that (E, Φ) is a stable U(p, q)-Higgs bundle. The vanishing result of Proposition 3.19 shows that H 0 (C
. Hence one can use this exact sequence, Remark 4.12, and the RiemannRoch formula to calculate the dimension of H 1 (C • k ) for any k in terms of the ranks and the degrees of the F i . This provides a method for calculating the Morse index of f at a critical point. However, we shall omit the formula since we have no need for it.
4.3. Local minima and the adjoint bundle. In this section we give a criterion for (E, Φ) to be a local minimum in terms of the adjoint bundle. This is the key step in the proof of Theorem 4.6. We use the notation introduced in Section 4.2.
Consider the complex C
• k defined in (4.6) and let 
Proof. For simplicity we shall adopt the notation
The key fact we need is that there is a natural ad-invariant isomorphism U ∼ = U * under which we have
We have the short exact sequence
Thus, tensoring the above sequence by K, we obtain the short exact sequence
Combining this inequality with the fact that
we obtain deg(U From the long exact sequence (4.6) and the Riemann-Roch formula we obtain
Using this identity and the inequality (4.11) we see that 
Proof. By Proposition 3.19 we have
) and the result follows from Propositions 4.11 and 4.14. Remark 4.16. Let (P, Φ) be a G-Higgs bundle as defined in Remark 3.5 and define
Then U = U + ⊕U − and if (P, Φ) is fixed under the circle action we can write U = U k as a direct sum of eigenbundles for an infinitesimal gauge transformation as before. Thus we can define a complex C Proof. Note that U k = 0 for |k| m; in particular U m = 0. We shall consider the cases when m is odd and even separately.
The case m odd. In this case m − 1 is even and so, using Remark 4.12 we see that U 
Reducible Higgs bundles.
In this section we shall finally conclude the proof of Theorem 4.6 by showing that it also holds for reducible Higgs bundles. First we shall show that a reducible Higgs bundle which is not of the form given in Theorem 4.6 cannot be a local minimum of f ; for this we use an argument similar to the one given by Hitchin [23, §8] for the case of G = PSL(n, R).
Let (E, Φ) be a strictly polystable U(p, q)-Higgs bundle which is a local minimum of f . Since f (E, Φ) is the sum of the values of f on each of the stable direct summands (on the corresponding lower rank moduli space), it follows that each stable direct summand must be a local minimum in its moduli space and, therefore, a fixed point of the circle action. Hence (E, Φ) is itself fixed and thus (cf. Proposition 4.10)
where each F λ is an iλ-eigenbundle for an infinitesimal trace-free U(p) × U(q)-gauge transformation ψ. Moreover, if Φ |F λ = 0, then its image is contained in F λ+1 ⊗ K. In analogy with the case of stable U(p, q)-Higgs bundles we write
where U µ is the iµ-eigenbundle for the adjoint action of ψ. Let
then we can define a complex of sheaves
In this language Hitchin's criterion [23, §8] for showing that a given fixed point is not a local minimum can be expressed as follows. Proof. As we noted above, each stable direct summand of (E, Φ) is a local minimum on its moduli space and therefore (by Proposition 4.17) it has β = 0 or γ = 0. Hence we can choose two stable direct summands (
is not a local minimum of f on the corresponding moduli space and we can therefore assume that (E, Φ) = (E ′ ⊕ E ′′ , Φ ′ ⊕ Φ ′′ ) without loss of generality. We shall construct a family of deformations (E t , Φ t ) of (E, Φ) satisfying the conditions of Lemma 4.19.
By Lemma 4.21 both
We can then define a deformation of (E, Φ) by using that η defines an extension
Note that (E 0 , Φ 0 ) = (E, Φ) (the Higgs fields agree since β ′ = γ ′′ = 0). It is then easy to see that (E η,σ , Φ η,σ ) is stable: the essential point is that the destabilizing subbundles V ′ and W ′′ of (E, Φ) are not subbundles of the deformed Higgs bundle; we leave the details to the reader. Now define the family (E t , Φ t ) = (E (ηt,σt) , Φ (ηt,σt) ). It is clear that the induced infinitesimal deformation of E iṡ
Considering the holomorphic structure as given by a∂-operator on the underlying smooth bundle, our definition of (E (η,σ) , Φ (η,σ) ) did not change the Higgs field but only the holomorphic structure on E. Thus, taking a Dolbeault representative (cf. Remark 3.23) for (Ė,Φ) ∈ H 1 (C • ) we see that the weights of ψ on (Ė,Φ) are given by its weights onĖ. From Proposition 4.10 we have decompositions E ′ = F ′ k and E ′′ = F ′′ k into eigenspaces of infinitesimal trace-free gauge transformations ψ ′ and ψ ′′ . Note that the infinitesimal gauge transformation producing the decomposition of E is ψ = ψ ′ + ψ ′′ . Clearly we have
Let λ ′ V and λ ′ W be the weights of the action of ψ ′ on V ′ and W ′ respectively, and analogously for E ′′ . We then have that
and, since tr ψ ′ = tr ψ ′′ = 0,
. From these equations we conclude that
It follows that the weights of ψ on H 1 (Hom(W ′′ , W ′ )) and H 1 (Hom(V ′ , V ′′ )) are both positive and hence that (Ė,Φ) lies in a direct sum of positive weight spaces of ψ. This concludes the proof of the Proposition. Proof. Since γ
. Using the Riemann-Roch formula and the equality µ(E ′′ ) = µ(E ′ ) we obtain
Since rk(β ′ ) p ′ the inequality (3.25) of Corollary 3.26 shows that µ(E ′ )−µ(V ′ ) g−1 and we therefore deduce that
4.6. Local minima and connectedness. In this section we obtain connectedness results on M s (a, b) and its closureM s (a, b). We denote by N s (a, b) ⊆ N (a, b) the subspace consisting of stable U(p, q)-Higgs bundles, and denote its closure byN s (a, b). The invariants (a, b) will be fixed in the following and we shall occasionally drop them from the notation and write M = M(a, b), etc. Proof. Properness of the restriction follows from properness of f and the fact thatM s is closed in M. By Proposition 4.5 f is constant on N and its value there is its global minimum on M. ThusN s is contained in the subspace of local minima of f . It remains to see that there are f has no other local minima onM s . We already know that the subspace of local minima on M s is N s . Thus, since M s is open inM s , there cannot be any additional local minima on M s . We need to prove therefore that there are no local minima in (M s M s ) N s . So let (E, Φ) be a strictly poly-stable U(p, q)-Higgs bundle representing a point in this space. From Proposition 4.22 we see that β = 0 and γ = 0. In the proof of Proposition 4.20 we constructed a family (E t , Φ t ) of U(p, q)-Higgs bundles such that (E, Φ) = (E 0 , Φ 0 ) and (E t , Φ t ) is stable for t = 0. Furthermore we showed that the restriction of f to this family does not have a local minimum at (E 0 , Φ 0 ). It follows that (E, Φ) is not a local minimum of f onM s .
Proposition 4.24.
(
Proof. N (a, b) all have β = 0 or γ = 0 in their Higgs fields. Suppose first that (E, Φ) is a U(p, q)-Higgs bundle with γ = 0. Then (E, Φ) determines the triple T = (E 1 , E 2 , φ) where
Conversely, given two holomorphic bundles E 1 , E 2 of rank p and q respectively, together with a bundle endomorphism Φ ∈ H 0 (Hom(E 2 , E 1 )), we can use the above relations to define a U(p, q)-Higgs bundle with γ = 0. Similarly, there is a bijective correspondence between U(p, q)-Higgs bundles with β = 0 and holomorphic triples in which
The triples (E 1 , E 2 , Φ) are examples of the holomorphic triples studied in [4] and [15] .
5.1. Holomorphic triples. We briefly recall the relevant definitions, referring to [4] and [15] for details. A holomorphic triple on X, T = (E 1 , E 2 , φ), consists of two holomorphic vector bundles E 1 and E 2 on X and a holomorphic map φ : E 2 → E 1 . Denoting the ranks E 1 and E 2 by n 1 and n 2 , and their degrees by d 1 and d 2 , we refer
For any α ∈ R the α-degree and α-slope of T are defined to be
.
for any proper sub-triple
. Define α-semistability by replacing (5.1) with a weak inequality. A triple is called α-polystable if it is the direct sum of α-stable triples of the same α-slope. It is strictly α-semistable (polystable) if it is α-semistable (polystable) but not α-stable.
We denote the moduli space of isomorphism classes of α-polystable triples of type
Using Seshadri S-equivalence to define equivalence classes, this is the moduli space of equivalence classes of α-semistable triples. The isomorphism classes of α-stable triples form a subspace which we denoted by N to be non-empty is
where
and
Within the allowed range for α there is a discrete set of critical values. These are the values of α for which it is numerically possible to have a subtriple
All other values of α are called generic. The critical values of α are precisely the values for α at which the stability properties of a triple can change, i.e. there can be triples which are strictly α-semistable, but either α ′ -stable or α ′ -unstable for α ′ = α. Strict α-semistability can, in general, also occur at generic values for α, but only if there can be subtriples with µ(E
. In this case the triple is strictly α-semistable for all values of α. We refer to this phenomenon as α-independent semistability. This cannot happen if GCD(n 2 , n 1 + n 2 , d 1 + d 2 ) = 1. N (a, b) . The following result relates the stability conditions for holomorphic triples and that for U(p, q)-Higgs bundles. Proof. Let T = (E 1 , E 2 , φ) be the triple corresponding to the Higgs bundle (V ⊕ W, Φ). For definiteness we shall assume that γ = 0 (of course, the same argument applies if β = 0). Thus E 1 = V ⊗ K and E 2 = W and, hence,
Identification of
Since p = rk(E 1 ) and q = rk(E 2 ) it follows that
If we set α = 2g − 2 we therefore have
Clearly the correspondence between holomorphic triples and U(p, q)-Higgs bundles gives a correspondence between sub-triples
and Φ-invariant subbundles of E which respect the decomposition E = V ⊕ W (i.e., subbundles
. Now, it follows from (5.7) that µ(E ′ ) < µ(E) if and only if µ α (T ′ ) < µ α (T ) (and similarly for semistability), thus concluding the proof.
We thus have the following important characterization of the subspace of local minima of f on M(a, b). That is,
Proof. This follows from Theorem 4.6, Proposition 4.8, and Proposition 5.2.
Thus, combining Proposition 4.24 and Theorem 5.3, we get 
where τ is the Toledo invariant. If p = q then
Proof. By Theorem 5.3 the type of the triple is determined by the sign of τ . The result thus follows by applying (5.3) and (5.4) to triples of type (p, q, a
Proof. Using (5.8) and (5.9) we see that 0 |τ | τ M is equivalent to 13) and hence also (assuming p = q) to These results are summarized in Figure 1 , which can be used as follows. For any allowed value of τ , draw a horizontal line at height τ . The corresponding range for α and the relative location of 2g − 2 are then read off from the α-axis.
Remark 5.7. The above proposition gives another explanation for the Milnor-Wood inequality in Corollary 3.27. Using the fact that the non-emptiness of M(a, b) is equivalent to the non-emptiness of N (a, b) and hence to that of either
, we see that the Milnor-Wood inequality is equivalent to the condition that 2g − 2 lies within the range where α-polystable triples of the given kind exist.
5.4.
Moduli spaces of triples. Proposition 5.6 shows that in order to study N (a, b) for different values of the Toledo invariant, we need to understand the moduli spaces of triples for values of α that may lie anywhere (including at the extremes α m and α M ) in the α-range given in Proposition 5.1. The information we need can be found in [7] . From the results in [7] we get the following for triples of type (n 1 , n 2 , d 1 , d 2 ).
is α m -polystable if and only if φ = 0 and E 1 and E 2 are polystable. We thus have
where 
is non-empty and irreducible. Moreover: 
, where the fiber dimension is
is non-empty and irreducible. Moreover
Theorem 5.9. [Corollary 8.2 and Theorem 8.10 in [7] ] If n 1 = n 2 = n then: 
The picture is quite different if we restrict to the stable points in the moduli spaces. In fact there are no stable points in
Proposition 5.11. [Proposition 2.6 and Lemma 2.7 in [7] ]
a critical value and there are no α-independent semistable triples.
Main results
We now use the results of Section 5.4, applied to the case α = 2g − 2, to deduce our main results on the moduli spaces of U(p, q)-Higgs bundles, and hence for the representation spaces R(PU(p, q)) and R Γ (U(p, q)) (defined in section 2). Recall that we identified components of R(PU(p, q)) labeled by [a, b] ∈ Z⊕Z/(p+q)Z, and similarly identified components of R Γ (U(p, q)) labeled by (a, b) ∈ Z⊕Z. Our arguments proceed along the following lines:
• By Proposition 2. • By Proposition 4.3 the number of connected components of M(a, b) is bounded above by the number of connected components in the subspace of local minima for the Bott-Morse function defined in Section 4.1. By Proposition 4.24 the same conclusion holds for M s (a, b).
• By Theorems 4.6 and 5.3 we can identify the subspace of local minima as a moduli space of α-stable triples, with α = 2g − 2. Summarizing, we have:
where |π 0 (·)| denotes the number of components, and (in the notation of Section 5) the moduli space of triples which appears in the last line is either − 2), a) . Similarly, we get that . We shall refer to this dimension as the expected dimension in the following. N (a, b) . The result thus follows by Theorem 5.9(2). Remark 6.2. Combining (1) and (i)-(ii) of (2) in Theorem 6.1, we see that the moduli space M (a, b) is non-empty for all (p, q, a, b) such that 0 |τ | τ M . Remark 6.3. In Theorem 3.32 we gave a detailed description for M(a, b) in the case that p = q and |τ (a, b)| = τ M . The description was complete, provided that the space was non-empty. By the previous remark we can now remove this caveat.
In general, the stable locus M s (a, b) is not the full moduli space and the full moduli space M(a, b) is not smooth. Singularities can occur at points representing strictly semistable objects, and these can also account for singularities in N (a, b) , the space of local minima (as in Section 5). These types of singularities are prevented by certain coprimality condition:
are non-empty, smooth and irreducible.
Proof.
(1) This is simply a re-statement of (2) Proof. By Proposition 3.13, this follows from Theorem 6.1 and 6.5. Proof. Proposition 3.13 and Theorem 3.32.
As observed in Section 2.2 (cf. (2.7)), the spaces R(a) = R Γ (a, −a) can be identified with components of R(U(p, q)), i.e. with components of the moduli space for representations of π 1 X in U(p, q). Applying Theorems 6.6 and 6.7, together with the observation that τ (a, −a) = 2a in the special case where b = −a, we thus obtain the following results for R(U(p, q)). Notice that the condition GCD(p + q, a + b) = 1 is never satisfied if a + b = 0. 6.3. Total number of components and coprimality conditions. We end with some elementary observations about the total number of components in the decomposition R(PU(p, q)) = (a,b) R[a, b], and about the number of such components for which the coprime condition GCD(p + q, a + b) = 1 apply. We begin with the number of components. for some s ∈ Z.
Remark 6.21. Part (6) says that for fixed t, if GCD(a + b, n k ) = 1 for any point (a, b) ∈ l t Ω Z , then GCD(a + b, n) = 1 for all points (a, b) ∈ l t Ω Z . That is, we can detect the non-coprimality of (a + b, n) for all (a, b) ∈ l t Ω Z by checking the non-coprimality of (a + b, n k ) at any one (a, b) ∈ l t Ω Z . We cannot however check for coprimality in the same way. If GCD(a + b, 
) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) 
) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) τ M , 0, q) are shown.
